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• A novel method for the synthesis of
spiral-based cubic Bézier metamaterials
is presented.

• Apparent stiffness was characterized via
additively manufactured samples and
computational simulations.

• Apparent Young’s modulus is related to
the mathematical parametrization of
the curves conforming the structures.

• The synthesismethod allows the control
of the form of the stress-strain curves of
the metamaterials.

• Apparent stiffness decreases proportion-
ally to the cubic root of the distance from
the control point to the unit cell center.
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The design ofmechanicalmetamaterials often uses lattice arrangements being benefited from the increase in Additive
Manufacturing technologies available. Such design freedom allows the fabrication of lattice arrangements with com-
plex curved geometries. Here we propose a whole family of novel lattice matematerials parametrized using cubic
Bézier curves. The methodology presented permits the generation of unit cells with different degrees of curvature
based on the location of the Bézier control points along a spiral. The apparent stiffness of these structureswas charac-
terized using finite element analysis and compression tests on additively manufactured samples using
stereolithography. The mechanical properties of spiral based cubic Bézier metamaterials were related to the location
of the control points, curvature, etc. It was found that the apparent stiffness decreases proportionally to the cubic root
of the distance between the control point and the predefined origin of the coordinate system. Due to symmetry con-
ditions, the slope continuity in the curves conforming the unit cells is fulfilled and the origin of the coordinate system
used coincideswith the center of theunit cells. Theprocedurepresented for the synthesis ofmetamaterials enables the
generation of structures with customized mechanical properties by adjusting the geometry of the unit cells.
© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://
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1. Introduction

Progress in fabrication technologies, such as additive manufacturing
(AM), has increased design freedom for engineering applications. One
approach to optimizing parts consists on using lattices or cellular mate-
rials, more recently known asmetamaterials. Metamaterials possess var-
ious advantages over fully dense structures, but further study on their
mechanical behaviour is needed to better suit engineering requirements.

Optimized use of materials within a structure can be found in differ-
ent examples in nature, e.g., trabecular bone, honeycombs, wood, and
sponges [1,2]. These have inspired the design and engineering commu-
nities. Designing with metamaterials has several advantages, which are
found in nature: minimal use of material, high strength to weight ratio
[2], energy absorption, and high compliance [3]. Potential applications
for metamaterials include vibration and heat insulators [4], as well as
sandwich panels, due to their light weight. Another potential use for
metamaterials is in implantable mechanical devices (e.g., knee and hip
implants, and stents) [5,6].

Mechanical metamaterials are normally described by their apparent
properties. These properties are those that, when the dimensions of the el-
ements conforming the lattice are significantly smaller than themacro di-
mensions of the structure they are filling, represent the properties as if the
metamaterial is homogeneous with equivalent continuum properties.

1.1. Synthesis of curve-based metamaterials

Lattice metamaterials make use of beams, struts, and rods to form
their structure. While these lattice elements are commonly found to
be straight, curved elements have been also used inmetamaterial design
[7]: arcs [8–10], sine functions [11–13], and other complex curves
[14,15].

Research has been carried out on the mechanical characterization of
curve-based metamaterials, following different approaches, including
analytical, computational, and experimental. Mechanical properties of
metamaterials vary depending on the geometrical parameters that de-
fine the form of their elements [8]. The most frequent choice of curves
when designing a curved-metamaterial is arcs, often combined with
straight segments. An example is chiral structures [16–19]. In general,
the deformation mechanisms of such metamaterials involve bending
of the struts and rotation of the nodes (allowed by the presence of
curved elements). Sinusoidal elements have also been used in
metamaterial synthesis, improving crashworthiness [11] and a longer
plateau region in the strain-stress curve [9,10] than their counterparts
based on straight struts.

Other parametric curves that have been used in metamaterial design
are those proposed by Wang et al. [14,15] who studied the deformation
mechanism of a petal-shaped auxetic metamaterial based on non-
uniform rational basis splines (NURBS) [14,15]. This base configuration is
optimized, by means of isogeometric analysis (IGA), to obtain a desired
Poisson's ratio by changing the control points position. Perturbation of
mathematically parametrized curved-metamaterials was studied by Choi
et al. [20]. In [20] authors analyzed unit cells based on B-splines computa-
tionally, altering the control point position to reach a desired negative
Poisson's ratio. Despite that Bézier curves are frequently used in different
computational and manufacturing applications [21–23], the use of them
for the synthesis of metamaterials in conforming unit cells has not been
studied, and even less the characterization of their apparent stiffness as a
function of their mathematical parametrization. In comparison to other
parametric curves, Bézier curves have fewer parameters, making the
tuning of the curve simpler while keeping the complexity in shape.

1.2. Manufacturing of metamaterials

Stereolithography (SLA) is a vat-photopolymerization additive
manufacturing technique that allows the fabrication of 3D objects
with a high building speed and good part resolution [2]. This process
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requires a vat filled with thermoset liquid resin that solidifies when ex-
posed to electromagnetic radiation [24]. This radiation, usually an ultra-
violet (UV) laser, traces and selectively cures the material, forming the
desired model layer-by-layer. Once a layer is completed, the platform
moves, coating the part with a new layer of resin [25].

Parts fabricated via SLA are anisotropic, as their mechanical proper-
ties depend on the building orientation; stiffness is higher if it is perpen-
dicular to the loading direction [26]. They are also influenced by the
curing process [27]; since the resin is solidified layer-by-layer, curing
is not uniform, and the part can fail at the interface between layers. Fur-
thermore, the resin does not fully polymerize during the SLA process
[28]. Therefore, SLA printed parts can also be post-cured, usually with
UV light of the same wavelength employed by the SLA printer. Differ-
ences are encountered between the mechanical properties of green
(i.e., uncured) and UV-cured components [28].

SLA has been used in the fabrication of architectured metamaterials
previously. Alomarah et al. [17] fabricated a re-entrant chiral auxetic
honeycomb using the VisiJet SL Flex polymer. Lin et al. [29] fabricated
3D trusses and gyroids, reinforcing the resin with graphene oxides
and comparing the resulting mechanical properties in compression.
Patel et al. [30] tested highly deformable 3D structures in compression.
Keshavarzan et al. [31] studied the effect of porosity on the apparent
mechanical properties of two different topologies of SLA-fabricated
gyroids. As SLA has demonstrated to be a promising fabrication technol-
ogy for producing lattice and porous metamaterials, we employ it here
to fabricate the samples used to demonstrate the synthesis method
presented.

Themethod for the synthesis ofmetamaterials based on cubic Bézier
curves allows the generation of different unit cell designs by varying a
single parameter that defines its curvature. This is described in
Section 2. Section 3 includes the fabrication of selected metamaterial
samples using SLA, their mechanical characterization with laboratory
experiments, and computationally via Finite Element Analysis (FEA).
The results of these procedures are presented in Section 4. Discussion
on the deformation mechanism of the mechanical metamaterials de-
signed here is elaborated in Section 5. Finally, some concluding remarks
and insight into future work can be found in Section 6.

2. Synthesis of metamaterials with Bézier curves

The need for complex shapes in various design applications leads to
the development of curves defined with parametric equations. Para-
metric equations allow a simple computational implementation along
with better fitting to complex shapes [21]. Parametric equations are
also the standard for complex curves in CAD systems, allowing rapid
changes in geometry when altering their defining parameters. One of
such parametric representations is Bézier curves, which are defined
based on the Bernstein function [32]. The parametric equation for a
Bézier curve is given as

B tð Þ ¼ ∑
n

i¼0

n

i

� �
Pi 1−tð Þn−iti, ð1Þ

t ∈ 0;1½ �

where Pi represents the coordinate of every control point, as a complex
number; n is the number of control points, which is one higher than the
degree of the Bézier curve. This parametric representation is known as
de Casteljau's algorithm. It allows to define the Bézier curve with a set
of control points: an initial point P0, a final point Pn, and a set of interme-
diate points, that do not touch the curve, but define its shape. A cubic
Bézier curve, containing 4 control points, is shown in Fig. 1a. The cubic
Bézier is used in this work because changing only one of the four control
points modifies the shape of the curve, given the restrictions to be pre-
sented; the unit cell can be defined in terms of its width and a single pa-
rameter defining shape.



Fig. 2. Left: view of a unit cell. Right: view of the corresponding 5 × 5 lattice pattern. Key
parameters of the unit cell: width of the unit cell λ and thickness t are shown. The Bézier
segments overlap at an area shown with dashed white lines.
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2.1. Unit cell synthesis

The spiral-based cubic Bézier (SBCB) metamaterials proposed here
are built from a minimal unit periodic repetition, known as unit cell.
The method for the parametric design of 2D metamaterials based on
cubic Bézier curves is described as follows. The unit cell consists of
two cubic Bézier segments: B1 which is horizontal and is presented in
green colour in Fig. 1b, and B2 which is vertical and is presented in
blue in Fig. 1b. Segment B1 is uniquely defined by a single control
point (labelled as P1 in Fig. 1b). This point is restricted to liewithin a spi-
ral centered at the origin, which is coincident with the midpoint of the
curve. Segment B2 is obtained by rotating segment B1 by 90 degrees.
An example of the metamaterial formed by periodically repeating a
cubic Bézier-based unit cell is shown in Fig. 2.

For the pattern generation to be successful, slope continuity must be
ensured in two adjacent unit cells. Therefore, linear segment P2P3 in the
first unit cell must be collinear with segment P0P1 in an adjacent unit
cell. This can be achieved if the control point P2 is a double mirror of
P1, as shown in Fig. 1b.

The presented definition of a unit cell allows the generation of differ-
ent lattice metamaterials by changing the location of the control point
P1. In order to generate a wide range of lattice patterns, the control
point P1 is placed on a spiral, granting the placement of the control
point at different locations controlled by a single parametric curve. We
define θ as the angle between the control polygon segment P1P2 and
the x−axis. Therefore, the angle θ becomes the only parameter defining
the position of the control point P1. If the point P1 is restricted to lie on a
spiral centered at the origin, different distances from the origin to the lo-
cation of P1 can be generated with the variation of the angle θ.

In this way, the position of P1 is defined only by the angle θ. To prove
the concept presented here, point P1 will be restricted within the inter-
val [0,6π], or three complete turns of the spiral. Some additional param-
eters for the design of the SBCB unit cell are the following:

• Thewidthoftheunitcell isdefinedasλ.Giventhis, thestartingpointP0 is
fixedat (−λ/2,0) and the endingpoint P3 isfixedat (λ/2,0). This choice
makes the origin of the xy plane to be themidpoint of the base curve.

• Thedistance between thefirst control point P1 and the origin is labelled
as r. Considering the case of the spiral, this distance is defined as r =
λθ/4π.
Fig. 1. (a) Cubic Bézier curve B(t) and its corresponding control polygon, defined by the points
with its corresponding control polygon (dashed green lines). Points P0 and P3 are fixed. The inde
the angle θ. The point P2 is symmetric to point P1 with respect to both axes. The second segme
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• The first control point P1 is (x1,y1). The second control point P2, is lo-
cated symmetrically with respect to P1 from both the x− and y−
axes, leading it to be (−x1,−y1).

A wide range of the 5 × 5 arrangements that can be generated with
this synthesis method is shown in supplementary file V1.
2.2. Relative density calculation

The relative density is calculated as the ratio between the in-plane
area occupied by solid material and the unit cell's total external area.
As the depth in the out-of-plane direction is constant, it is not consid-
ered. The unit cell area is λ2 and the thickness of the Bézier-curved ele-
ments (see Fig. 2) is t. To find the area occupied by material, it must be
multiplied by the length of the Bézier segment, which will be denoted
as l. Note from Fig. 2 that the two Bézier segments overlap at a square
of area t2, so this area must be subtracted from the area occupied by
P0, P1, P2, P3. (b) Definition of a unit cell. We start by the original Bézier curve B1 (in green)
pendent control point P1 (marked in red) always lieswithin the spiral, which is defined by
nt, B2, is shown in blue. Both segments conform a unit cell.



Fig. 3. Given λ=10 and t=1; plot showing how the relative density varies as the control points move along the spiral, hence moving further away from the origin. Markers indicate the
designs studied here, separated by families.
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material, which is twice the area of a single curved element. This results
in the equation

ρ ¼ 2lt−t2

λ2 : ð2Þ

The curve length is estimated from its discrete equivalent by sum-
ming the distances between contiguous points. From the unit cell defi-
nition, we have λ = 10 mm and t = 1 mm.

The relative density as a function of the angle θ is presented in Fig. 3.
Note that the obtained relative densities increase, in general, with the
angle θ, given that the only changing parameter is the length l of the
Bézier curved element. Markers in Fig. 3 are the corresponding values
of relative densities of the selected unit cells designs for fabrication in
this study. Relative density values decrease near the multiples of 360∘

because curvature decreases, reducing the value of l as the unit cell be-
comes straighter.

2.3. Defining the concept of families of SBCB metamaterials

The selected designs of SBCB unit cells for this study are depicted in
Fig. 4. Markers along the dashed line indicate the location of the control
point P1 in the plane. Here we group the generated structures into fam-
ilies, represented by differentmarkers. Each family includes those struc-
tures that were formed by the angle θ and those formed by their
complementing angles, regardless of the distance r from the origin.
The complementing angles are θ, −θ, 180∘ − θ, and 180∘ + θ (see
Fig. 5). These angles appear several times depending on the number of
turns of the spiral (see Fig. 4). Now, consider the curves shown in
Fig. 5, when these are used to conform unit cells and therefore lattice ar-
rangements, all of these are mechanically equivalent when they are
loaded in compression. This is due to identical curvature in each of the
segments, given that the tangent lines in the control polygons have
the same length and orientation. Fig. 5 also shows the equality in the
4

shape of every half of the cubic Bézier segment, given that the definition
of the unit cell requires control points to be mirrored in both axes.

All the unit cells in Fig. 5 belong to the same family, as they were
generatedwith complementing angles θ. In this work, we produced dif-
ferent unit cells by varying the angles and their complements grouped
into three different families for the following angles: 45∘, 60∘, and 90∘.
Forcing the control points' location to lie on the spiral, when varying
the angle θ, we obtained different unit cells as the distance from the or-
igin r is changing. The three different families used in thiswork and the θ
angles used to conform the corresponding structures are listed in
Table 1.

3. Materials and methods

3.1. Unit cell geometry definition

A set of CADmodelswas generated for both FEA simulations and SLA
additive manufacturing. For a rapid CAD file generation, a MATLAB®
R2019a (Mathworks, Natick, United States) script was developed.
Such script takes as input the desired set of angles θ, and a set of
SOLIDWORKS® 2019 (Dassault Systèmes, Vèlizy, France) macro files is
obtained as output. These macro files contain the instructions to build
a full CADmodel of the lattice structures for the corresponding input pa-
rameters. Each lattice CAD model corresponds to a 5 × 5 unit cell
repetition.

The control points obtained in Section 2 are used to sketch the cubic
Bézier curves in SOLIDWORKS®. The curves are offset 0.5 mm in both
directions, for a total thickness t=1mm, as shown in Fig. 6a. This thick-
ness is suited for the manufacturing of the samples: a smaller value
would complicate support generation and a larger value would lead to
loss of the geometrical features. The unit cells are repeated 5 times in
both the x− and y− directions, as shown in Fig. 6b. These 2D profiles
are then extruded 50 mm in the z−axis. Solid plates with a thickness
of 3 mm are also created at the upper and lower ends of the sample to



Fig. 4. Full spiral, showing the position of the control point P1 for each design and its corresponding unit cell. As an example, 5 × 5 lattice arrangements formed by some of the unit cells are
shown. Placing P1 along the zones in gray does not produce valid geometries: see Appendix.
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ensure a uniform loading distribution for further compression testing.
An example of a complete CADmodel is shown in Fig. 6c. Using this pro-
cedure, a total of 32 different CAD samples were generated.

It is impossible to offset a curve to a thickness greater than its mini-
mum radius of curvature R because any curvature or continuity would
be lost. Therefore, this feature must be considered for the unit cell syn-
thesis. A detailed analysis of the curvature of the proposed structures
can be found in the Appendix. The minimum radius of curvature for
each base curve must be greater than the defined offset, 0.5 mm, for it
to be feasible.
Fig. 5. Left: A circlewith radius r, themarkers are placed at the coordinates corresponding to the
point P1 for a given θ and r. Right: the cubic Bézier curves corresponding to each of the four P1 po
the four equivalent curves. Colour scheme is kept the same for relating the corresponding unit
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3.2. Finite element models setup

Finite element models for the 5 × 5 structures were developed
using® ANSYS Mechanical APDL v20.1 (ANSYS Inc., Canonsburg,
United States). Theseweremeshed using SHELL181 [33], a four-node el-
ement defined by an area and a constant thickness. This type of element
has been previously used to simulate similar lattice metamaterials
[9,11,17]. The model was fed with the mechanical properties of the
Formlabs® Flexible resin with Young's modulus of 5.08 MPa (obtained
from tensile testing of dogbone SLA-samples, defined in Section 3.3)
angles of a family: θ,−θ, 180∘ − θ, 180∘+ θ. These are the possible positions for the control
ints, alongwith their corresponding control polygons. Bottom: the resulting unit cells from
cells to their forming curves.



Table 1
Base angles θ < 360∘ for the generation of SBCB unit cells
within a family. This set can be expanded by addingmultiples
of 360∘ to every possible angle, but the angles that were actu-
ally used are those depicted in Fig. 4.

Family Base angles

45∘ 45∘, 225∘

60∘ 60∘, 120∘, 240∘, 300∘

90∘ 90∘, 270∘
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and an assumed Poisson's ratio of 0.33. The is not reported by
Formlabs® however, different values were simulated showing negligi-
ble differences in the response [34].

All the samplesweremeshedwith a single shell element throughout
the thickness (z-axis in Fig. 6). Each curved segment was meshed with
50 rectangular elements to approximate the curvature. In order to
match the geometry of the actual manufactured samples, the shell
thickness was set to be 1 mm.
Fig. 7. Left: Boundary conditions for FEA simulation. Compressive load (top nodes) and

Fig. 6. (a) Unit cell, showing the cubic Bézier curves that form it with dashed lines and the res
generate the lattice. (c) Isometric view of the final sample with its solid plates for testing.
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In the FEA models, a vertical compressive force of 0.2 N is applied in
each of the five upper nodes for a total load F = 1 N. The five lower
nodes are fully fixed. These boundary and loading conditions are
depicted in Fig. 7. Since the maximum displacement corresponds to
the upper nodes where the load is applied, the vertical displacement δ
was measured at each node and averaged, resulting in the total dis-
placement of the lattice sample.
3.3. Apparent mechanical properties calculation

The apparent Young's modulus is calculated as follows. Assuming a
constant load distribution, the apparent stress 〈σ〉 is calculated by defi-
nition: 〈σ〉= F/〈A〉, where 〈A〉 is the apparent area and it corresponds to
the equivalent area of thewhole lattice structure, which is normal to the
applied load (i.e., the upper solid plate), see Fig. 7. The strain was ob-
tained from the vertical displacement and the original length L of the
lattice sample: ε = δ/L. Hence, the apparent Young's modulus is ob-
tained from the well-known stress-strain relation as: 〈E〉 = 〈σ〉/ε.
fully fixed bottom nodes. Right: apparent area (〈A〉) considered for calculating 〈E〉.

ulting path from offsetting the curves is the outer contour. (b) The 5 × 5 linear pattern to



Fig. 8. (a) SBCB lattice samples in the building plate after printing is finished. (b) Washing with ispropyl alcohol. (c) Samples drying after washing with alcohol. (d) Samples being dried
with compressed air.
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The Young's modulus of the parentmaterial was obtained by testing
five dogbone tensile samples (according to ASTM D638, Type V),
manufactured with the same printer, material, and printing orientation
as the lattice samples. After this procedure, the average value obtained
was 5.09 ± 0.07 MPa, value that was fed to the FEA model. All results
will be presented based on the normalized apparent Young's modulus
〈E〉/E, where E is the Young's modulus of the parent material, to elimi-
nate dependence on the base material and focus on the metamaterial
topology.
3.4. Additive manufacturing of SBCB lattice samples

The samples were fabricated using the Form 2 SLA printer by
Formlabs (Sommerville, United States). This family of printers builds
up the part upside down, lifting the build platform at every layer to refill
the resin tank. The resin usedwas Flexible Resin (version 2), produced by
Formlabs, especially for its SLA printers. This resin is a mixture of
methacrylic acid esters, photoinitiators, proprietary pigment, and addi-
tive package [35].

The set of previously generated 3D CAD files was converted to a set
of STL files. These files are sliced by the Preform® software (Formlabs,
Sommerville, United States) to generate the laser trajectories to cure
the printing part. The models were arranged in batches of 4 samples
each, centered at the building plate. Supports were generated
Fig. 9. (a) Mechanical characterization set upwith camera and lighting. (b) Photo taken during
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considering a support density of 0.7, a height of 1 mm over the base,
and a contact point diameter of 0.8 mm. The resolution, or layer thick-
ness, was set to 100 μm.

The as-printed sampleswerewashed in a vatfilledwith isopropyl al-
cohol to remove the excess of liquid resin. After taking the samples
away from the alcohol, these were dried using compressed air. This
step is needed to take away the excess resin and avoid its solidification
during post-curing. Photographs of the main manufacturing stages are
included in Fig. 8. Subsequently, they were post-cured with the aid of
the Form Cure machine (Formlabs, Sommerville, United States), for
15min at 60∘C [36]. This to ensure stability in themechanical properties
of the SLA-samples even if they are further exposed to light, as reported
in [37].
3.5. Additively manufactured lattice samples under compressive loadings

The effective mechanical properties of the SBCB structures were
characterized under compressive loading, using a TVT6700 texture
analyser (PerkinElmer, Waltham, United States). Three samples of
each of the 20 designs were fabricated. The testing machine was set to
a maximum vertical displacement of 15 mm for all tests. The top
frame was set to move at a velocity of 1 mm/s. From the software
TexCalc® the data corresponding to force F and displacement δ were
exported to MATLAB® for further processing, obtaining the apparent
the mechanical test, showing a lattice sample, indicating load direction and fixed support.



Fig. 10. Displacement δ obtained from FEA simulation of the compressive loadings, with respect to the angle θ defining the unit cell. Results are negative due to the direction of the force.
Samples from families marked with an asterisk (45∘, 60∘, and 90∘) were fabricated and are studied in the following sections.
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Young's modulus 〈E〉 by converting the load-displacement plot to a
strain-stress curve and obtaining the slope of the linear region. The
Fig. 11. Relation between (〈E〉/E)−1/3 and θ, for the
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strain range for the linear region was set to be from zero to 3% because
all models are linear in this range.
45∘, 60∘, and 90∘ SBCB lattice structure families.



Fig. 12.Apparent Young'smodulus 〈E〉 as function of the relative density ρ for structures generatedwith θ=0∘, θ=120∘, θ=480∘ and θ=600∘. Inset shows a detailed viewof the response
for θ = 480∘ and θ = 600∘.

Fig. 13.Representative strain-stress curves for selected SBCB lattice structures. The corresponding unit cell of each curve is included at the bottom-right of each plot. The stiffness prediction
from FEA is also included in blue.
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Fig. 14. Deformation mechanism map for the first nine SBCB structures, which show a plateau shape.

Fig. 15. Evolution of the deformed shape along the compression test. Left: a SBCB lattice structure presenting buckling. Right: a SBCB lattice structure entering densification immediately.
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Fig. 16. Apparent stiffness: measurements and computations. Insets qualitatively show the average form of the stress-strain curve.
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In order to track the deformationmechanism of every sample, a dig-
ital camera EOS70D (Canon, Tokyo, Japan) was set to shoot photos dur-
ing the mechanical test regularly. The camera was set in continuous
Fig. 17. Comparison between FEA and experimental data for the normalized Young's mo

11
mode, with an ISO of 500, lens aperture f/5.6, shutter speed 1/100, and
manual focus. Additional lighting was required as shown in Fig. 9a,
and an example of the images taken is shown in Fig. 9b.
dulus 〈E〉/E: total behaviour and behaviour within families of SBCB lattice structures.



Fig. 18. Failuremode of a sample corresponding to θ=780∘. Curved elements stick to each
other due to high curvature, undesired resin cured close to the intersections; hence
increasing the overall stiffness.
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4. Results

4.1. Apparent compressive stiffness characterized via FEA

Apparent stiffness was calculated from the vertical displacement,
which is presented in Fig. 10 as a function of θ. Note that there are re-
striction zones in Fig. 10, which represent the SBCB structures that
were not possible to be manufactured according to the curvature-
thickness analysis (see Appendix).

The apparent Young's modulus 〈E〉/E is calculated for each sample as
defined on Section 3.3. The resulting values can be grouped by the pre-
viously defined families: 45∘, 60∘, and 90∘. From the simulation results,
the following mathematical relation was observed:

Eh i
E

∝ θ−3;

which holds for each family of SBCB lattice structures. When plotting
(〈E〉/E)−1/3 versus θ, the points follow straight lines corresponding to a
particular family. This is presented in Fig. 11.

An additional set of FEA simulations was performed varying the
thickness t, and thus, the relative density. Results regarding the
change in apparent stiffness due to changes in relative density are
presented in Fig. 12. This computational model is a starting point
for predicting the deformation mechanism of the samples. A
stretch-dominated behaviour is observed for θ = 0 with a linear
apparent property-relative density relationship. While a bending-
dominated behaviour is observed for θ = 120∘, θ = 480∘ and θ =
600∘ with a non-linear apparent property-relative density relation-
ship. This behaviour is observed with the increasing curvature in
the relative density-stiffness plot.

4.2. Apparent compressive response: Measurements

Representative stress-strain curves measured from the compressive
tests on the SBCB samples are presented in Fig. 13. The plots include
snapshots of the sample during relevant instants of the mechanical
test. A straight line starting from the origin is also included, which has
a slope equal to the apparent Young's modulus 〈E〉 obtained from FEA
simulations. The apparent stiffness of the SBCB structures shown are ad-
equately predicted by the FEA model in their linear part. Recordings of
the compressive-deformation stages of the four SBCB structures from
the representative curves in Fig. 13 can be found in supplementary
file V2.

Note from Fig. 13 that there are two representative forms of the
stress-strain curves obtained. Compare representative curves (a) and
(b) with (c) and (d). Fig. 13a–b show a linear region, a plateau due to
elastic buckling, and a densification zone. Thesewere qualitatively iden-
tified and placed in a deformation mechanism map for a range of SBCB
structures, in accordance to Ashby [38] (Fig. 14). On the other hand,
Fig. 13c–d show a permanent increase in stiffness. This behaviour is
due to the almost immediate contact between curved lattice elements,
leading to densification at the early stages of the compression tests.
These can also be seen from inspecting Fig. 15, where photographs at
different levels of strain are presented.

The SBCB lattice structure on the left in Fig. 15 presents buckling
at their lattice element level. Since this structure has a low curvature,
hence when compressed, their lattice elements are more prompt to
buckling deformation, reflected in a plateau zone in their stress-
strain curve. Moreover, the SBCB lattice structure on the right in
Fig. 15 is conformed with lattice elements with higher curvature;
upon compression, these elements get in contact with each other,
leading to densification, hence presenting stiffness increment in
the stress-strain curves.

A comparison of the apparent stiffness from both the experimental
measurements and the computations calculation is included in Fig. 16.
12
After observing the representative strain-stress curve for each value of
θ, it was concluded (qualitatively) that SBCB structures with θ < 450∘

present the plateau region. The two forms of stress-strain curves are di-
vided by a vertical line in Fig. 16, separating them into two main zones.
The one on the left is conformed by the SBCB structures that present the
plateau region, while the ones on the right present densification at ear-
lier stages. Fig. 17 summarizes the experimental results for 〈E〉, and in-
cludes the experimental error separated by families. In the case of the
family plots, they are also transformed to (〈E〉/E)−1/3, with ±1 standard
deviation error bars, and compared to the previously obtained FEA
values from Fig. 11.
5. Discussion

The presented method for Bézier metamaterial synthesis offers a
versatile approach for generating novel topologies. As all these new
structures are mathematically parametrized, the understanding of
their apparent mechanical properties could be explored systematically.
Here we present a way of exploring different locations of the base con-
trol point P1 by varying only the parameter θ. The method presented
here can be expanded by adding more control points in a curved seg-
ment, provided that the slope continuity is kept. This means that the
control points must have additional restrictions to ensure that the com-
plete patterns are possible. The number, position, or orientation of
curved segments per unit cell could also bemodified. These possibilities
show that the method presented here expands the possibilities of gen-
erating new families of metamaterials is far beyond the ones studied in
this manuscript.

According to the FEA model, a dependence is observed between the
angle θ and the apparent Young's modulus 〈E〉. Knowing that the dis-
tance r from P1 to the origin is a multiple of θ, 〈E〉 decreases when mov-
ing the control point P1 further away from the origin. This relationship
〈E〉/E ∝ r−3 is valid for all the models within the presented families of
Bézier metamaterials. A longer distance from the origin to the location
of P1 produces a higher curvature, which in turn demands more mate-
rial, resulting in higher relative densities. This fact for other topologies,
results in a stiffer lattice metamaterial. However, here we demonstrate
that higher curvature softens the structural response, even when the
relative density has increased.

According to curved beamtheories based on strain energy [39], upon
the application of a tensile load, the deflection is proportional to the
square of the radius of a curved element [40]. This radius is equivalent
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to the distance r between point P1 and the origin for the methodology
presented here. The further away it is, the deflections will be smaller,
and the structure will be stiffer. This result compares to the one found
by Lei et al. [8] where elements with higher curvatures (comparable
to higher values for r) are softer.

The deviations from FEA data obtained are higherwhen increasing θ.
This can be explained with the increase in curvature. During the SLA
postprocessing explained on Fig. 8, zoneswith a smaller radius of curva-
ture are more prone to keep more liquid resin inside them, even after
removing the excess resin with compressed air. This especially compro-
mises material removal at the intersection between curved elements.
When this liquid resin is cured, it becomes a solid defect (see Fig. 18)
that increases the overall stiffness. Accumulation of non-desired mate-
rial at the intersection of curved segments is more frequently encoun-
tered in SBCB structure samples with higher curvature.

6. Conclusions

In this work, we presented a versatile method for the synthesis of
lattice metamaterials. Themethod used a cubic Bézier curve to conform
the unit cell, which in turn conforms the latticemetamaterials. Here the
structure is completely defined in terms of unit cell length λ and a pa-
rameter θ, which controls the location of the control point P1 that de-
fines the curve. In this work, computational models were created and
used for both fabrication and simulations. The synthesis method can
be further extended to include more control points or restrictions to
the nature of a Bézier curve. While the present method was restricted
to cubic Bézier curves, where only one control point was allowed to
be placed at different locations to produce different lattice geometries,
its applicability is far more powerful when using higher order curves.

A dependencewas found between distance r from the origin and ap-
parent Young's modulus 〈E〉/E, at a given direction θ. Deviations be-
tween FEA and experimental results can be explained in terms of
Fig. 19. Summary of all the minimum radii of curvature, for λ = 10. Markers indicate the stud
Rmin < 0.5 mm.
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increasing curvature and its manufacturability challenges. The apparent
stiffness of the Bézier-based metamaterials was successfully predicted
using FEA simulations. Deviations from the computational predictions
were attributed tomanufacturing defects inherent to the samples fabri-
cated. The lattice metamaterials generated in this work presented two
main forms of stress-strain curves. The overall form of the stress-
strain curve can be controlledwith the degree of curvature of the Bézier
curves used to conform the lattices. The synthesis ofmetamaterials with
controlled stiffness can lead to the study of other mechanical properties
such as Poisson's ratio and apparent shear modulus, enabling the struc-
tures to perform in various applications. Current work is being carried
out on the variation of Poisson's ratio. Other applications where tailor-
ing effective properties could be benefited from the synthesis method
presented here. For instance, impact and shock absorbers, heat sink, po-
rous structures for biomedical applications, among others.

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.matdes.2020.109412.
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Appendix: Curvature-thickness analysis

Here a mathematical derivation is presented for the radius of curva-
ture (R) which must be no less than half the thickness of the Bézier
curved elements of the unit cell. Expanding the Bézier curve parametric
equation for n = 3 (Eq. (1)) and considering the conditions previously
presented:

B tð Þ ¼ P0 1−tð Þ3 þ 3P1t 1−tð Þ2 þ 3P2t2 1−tð Þ þ P3t3, t∈ 0, 1½ �

P0 ¼ −λ=2, 0ð Þ; P1 ¼ x1, y1ð Þ; P2 ¼ −x1,−y1ð Þ; P3 ¼ λ=2, 0ð Þ

Given that the control points Pn are complex numbers, separating
Eq. (1) into its real and imaginary parts yields two separate equations
representing the x− and y− coordinates of the points conforming the
curve:

x tð Þ ¼ 3x1t−9x1t2 þ 6x1t3−λ=2þ 3λt=2−3λt2=2þ λt3

y tð Þ ¼ 3y1t−9y1t
2 þ 6y1t

3,

being x(t) and y(t) the x− and y− coordinates of a point in the curve
given the parameter t, which goes from 0 to 1.

The initial coordinates (x1,y1) are a function of the initial parameter
θ. This function is defined from the equation of the governing spiral in
polar coordinates: r(θ) = λθ/4π. Then, for a given angle θ, the coordi-
nates of the control point P1 can be obtained by changing the previous
definition to Cartesian coordinates:

x1, y1ð Þ ¼ r cos θ, r sin θð Þ ¼ λθ cos θ
4π

,
λθ sin θ

4π

� �

The radius of curvature R for this particular curve [41], in terms of θ
as the parameter t changes, is defined as:

R θ, tð Þ ¼
3λ π2θ2u2 þ 4πθuv cos θþ 4v2

� �3=2

32π∣ 2t−1ð Þθ sin θ∣
, ð3Þ

with u = 6t2 − 6t + 1 and v = 2t2 − 2t + 1, t ∈ [0,1]. Eq. (3) is mini-
mized with respect to t, inside the interval [0,1]. The minimum values
corresponding to all values of θ, for λ=10, are plotted in Fig. 19. All de-
signswith Rmin<0.5mmare notmanufacturablewith the previous def-
initions for unit cell synthesis.
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